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Abstract— This paper focuses on the guaranteed identification of viscous friction parameters for a nonlinear inverted
pendulum. The method is based on the interval analysis (IA)
and set-inversion tools to determine the set of all the feasible
friction parameters from a prior domain of interest, i.e. initial
interval vector or box, that are consistent with all the experimental and theoretical datasets including their uncertainties.
The capabilities of our proposed guaranteed identification are
compared with the more commonly used approach based on
the least square method identification (LSMI), which is used
especially to adjust the inertial and geometric parameters of
our experimental plant. Both of them have been investigated
through several experiments on a real inverted pendulum and
simulations with uncertain ODEs via the DynIbex library.

I. INTRODUCTION
Control of autonomous systems is often designed relying
on their physical or mathematical models (i.e. dynamic
and/or kinematic models), which are more specifically derived as a nonlinear ordinary differential equations (ODEs)
related to some uncertain/unknown parameters, such as
inertial and frictional contact coefficients. On the whole,
the control of such kind of systems should particularly be
guaranteed and robust towards all the uncertainties coming
from the system modeling and manufacturing as well. That’s
why the guaranteed estimation of the model parameters is
highly required such that the coverage rate between the
physical reality and the model is as high as possible. On the
other hand, friction phenomenon occurs in several industrial
and mechanical systems (e.g. transmission, bearings, soil/tire
contacts, etc.), leading these controllers to be less accurate
and less reliable. Once again, it is becoming increasingly obvious to characterize this phenomenon in order to minimize
its undesirable influence (e.g. heat, instability, energy waste).
As at now, however, the friction cannot be modeled perfectly,
it is described in general by an empirical model which is
globally based on experiments and observations [1][2].
To properly control robotic devices, the inertial and friction parameters have to be adequately identified in order to
adapt their controllers and achieve the high accuracy and
stability. However, many studies consider that the friction
parameters are neglected and/or defined arbitrarily [3]. These
strategies cannot guarantee the system safety and stability if
these parameters are not well-defined. On the other hand,
the friction compensation can enhance the effectiveness of
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the control laws. In the literature, many works on the identification procedures were proposed. For instance, authors in
[4] introduce a method to adjust the friction in the chain
of transmission from the motor to the robot axis. This
method is based on the minimization of the input error,
i.e. error between the measured and the computed torques.
Moreover, [5] compares the performances of two kinds of
friction models for a linear drive with ball-screw (LuGre
model against the static, viscous and Stribeck friction with
hysteresis) which are identified by applying the recursive
identification method as well as the least square method
identification (LSMI). In addition, a frequency domain identification technique for the dynamic LuGre friction model is
presented in [6]. Nevertheless, the quality of the estimation
by these deterministic algorithms cannot be ascertained, i.e.
the estimated variables cannot reflect the real friction, since
they assume that uncertainties, related to the system’s design
and modeling as well as the degree of correctness of measuring systems, are omitted. Consequently, an estimation in a
guaranteed way is needed to account for all the uncertainties
involved in the hardware and software parts.
More recently, many researchers have explored the possibility of using the interval analysis strategies (IA) for
parameter estimation in order to overcome the limits of
the existing approaches. In fact, IA tools turn out to be
more promising and reliable to manage all the noises and
uncertainties contained in the experimental and theoretical
data, contrary to these classical approaches that are generally
based on the global minimization of some cost functions. The
most well-known example of such kind of application is the
bounded error estimation method, which mainly based on the
IA and set-inversion techniques [7]. This method is extremely
popular in several research fields due to its efficiency and
reliability, such as in the robot localization from noisy
landmarks [8], tuning the gains of a controller, and kinetic
parameters estimation in elector-chemistry [9], etc. The algorithm, named SIVIA (Set Inversion Via Interval Analysis),
is much more beneficial and widely used to determine
the set of all acceptable parameters which match with the
collected data and their uncertainties, by minimizing the error
between the available output data and model output [10][11].
As another example, two methodologies (set-inversion and
Taylor series) were used and combined in [12] and [13]
to improve the algorithm’s computation time for uncertain
dynamic systems in the context of the parameter estimation
via bounded measurement error. The SIVIA algorithm is
also, by the way, applied in the framework of this paper
(brief resume is given in the Appendix B).

In the short term, we are looking forward to developing
new guaranteed and robust Nonlinear Model Predictive Control (NMPC) to stabilize the inverted pendulum in the upright
position, which ultimately need an accurate parameters estimation. To address these objectives, the novelty of this paper
comes from the guaranteed identification of viscous friction
parameters of a new inverted pendulum (manufactured in our
lab) via IA and set inversion techniques, and its application
to uncertain nonlinear ODEs to evaluate the coverage ratios
in such a way their guaranteed solutions (given as tubes at
each time-step) fit to the physical reality. Besides that, the
LSMI is initially deployed for multiples experiments in order
to approximate with uncertainties, as closely as possible, the
mechanical parameters of our experimental device (geometric and inertial). Then, the SIVIA algorithm is used to find
the set of all possible viscous friction coefficients from an
initial research domain of parameters that are consistent with
the predicted dynamic model output and the system output.
The remainder of this paper is structured as follows:
Firstly, an overview of the dynamic model of our inverted
pendulum is presented. Secondly, section III introduces the
identification approaches. Thirdly, experimental results and
discussions are reported in section IV. Finally, section V
closes the paper with conclusion and future works.
II. RECALL ON THE DYNAMIC MODELING OF AN
INVERTED PENDULUM
A. Robotic Device
The inverted pendulum is a very simple system with two
serial rotational joints (active and passive). We have designed
and manufactured one in our laboratory (see Fig. 1). Our
experimental device is equipped with a brushless DC motor
to actuate the first joint, and two incremental encoders to
measure the rotational angles of both the motor shaft and
the passive joint. Its kinematics is sketched in Fig. 1. This
device has to be identified taking into consideration all the
errors and uncertainties related to the system modeling and
data measurements.
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Fig. 1. [Left] Definition of links frames (configuration q1 = q2 = 0◦ ).
[Right] Representation of the real rotary inverted pendulum (S0 : Pendulum
housing, S1 : horizontal arm, S2 : pendulum arm, S3 : balancing mass).
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B. Dynamic Modeling of the Inverted Pendulum
As described in [16], the equations of motion are given
by,
Γ = M q̈ + B(q, q̇) + Q(q),
(1)
where q = [q1 , q2 ] is the joints’ positions of the inverted
pendulum, Γ = [Γ1 , Γ2 ]T is the vector of torques applied
at the joints. Since the second joint is passive, Γ2 depends

mainly on friction variables. M ∈ R2×2 is the inertia matrix,
B ∈ R2×1 is the Coriolis and centrifugal matrix computed
applying the Christoffel symbol, Q ∈ R2×1 is the gravity
forces, and all these matrices are defined as,
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where ma and Ja denote the horizontal arm’s mass and its
inertia, respectively. Similarly, for the pendulum arm with the
mass m p and inertia J p . M is the mass of the load attached to
the pendulum arm, Jm is the DC motor inertia and Ng its gear
ratio. la , l p and r0 are the device’s dimensional parameters
(as defined in Fig. 1) and g is the gravitational acceleration.
The external torque Γ should be expressed taking into
account friction conditions. The relationship between friction
and velocity is well modeled in the literature [1][2]. In this
paper, we use a simple friction model, in which it is related
to the friction viscous terms which are proportional to the
joint speed q̇,


τ − fv1 q̇1
,
Γ=
(2)
− fv2 q̇2
where τ is the motor’s torque and fvi is the viscous Colombe
friction coefficient of joint i. These coefficients are often
considered as constant values in the majority of literature
works. Here the main goal is to identify them in a guaranteed
way by reducing the error between the theoretical model
output and measured data output, i.e. they must belong to a
certain subsets that are consistent with the model and sensors
outputs. Finally, the dynamic model (1) can simply be written
as follows,
ym = f (q, q̇, q̈, p),
(3)
where ym = [τ, 0]T is the model output and p =
[µ1 , µ2 , µ3 , µ4 , µg , fv1 , fv2 ] ∈ Rn p =7 are the model parameters
to be identified.
III. IDENTIFICATION APPROACHES
The purpose of this section is to propose an identification
strategy for the unknown vector p embedding all the model
parameters. Assuming the availability of an experimental
datasets, measured at each sampling time, which contains
the joints’ position, velocity and acceleration as well as the
torque applied by the DC motor.

A. Torque, speed and acceleration computation
Because our experimental datasets are noised, the signals
are processed by applying an eighth order low-pass Butterworth filter. To identify the needed parameters, the input of
the system (torque signal) and the joints’ velocity and acceleration are required. The velocity and the acceleration are
computed using a non causal derivative filter. The function
firpm of Matlab allows us to synthesize this kind of filters to
determine the suitable filter’s parameters (impulse response
coefficients). The second stage is the actual application of
the designed filter to the input data (q1 and q2 ), using filtfilt
command, enabling to process data in both the forward and
reverse directions (zero-phase distortion).
On the other hand, the torque generated at the base of
the rotary arm (i.e. at the load gear) can be expressed as a
function of the angular velocity ω as below,
τ=

Nm Ng ηm ηg (ω0 − ω)
Rv

(4)

where Nm and Ng are respectively the motor and gear ratios,
ηm and ηg are the motor and gearbox efficiencies, ω and
ω0 are the instantaneous and no-load angular velocities,
respectively, and Rv is the motor speed-torque constant.
B. Identification with classical least square method
The least square method identification (LSMI) is commonly used in robotics and control engineering for parameter
identification due to its simplicity to optimize the error
between the model estimated output and measured output
data (e.g. [4] and [5]). Since the inverse dynamic model
(3) can be written in a linear way according to the needed
parameters p, LSMI can be used to adjust and approximate
the inertial parameters and friction coefficients. Then, the
dynamic model (3) can be rewritten as follows:
ym = D(q, q̇, q̈)p

(5)

R2×n p

where D ∈
is the matrix of the measured values,
expressed as a function of joint positions q, velocities q̇ and
joint acceleration vector q̈. It is defined as,
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The optimal solution pb can be expressed as follows,
−1 T
pb = arg minkY −W pk2 = W T W
W Y = W +Y
(7)
p

where kak2 denotes the second euclidean norm of the vector
a, and W + denote the Moore-Penrose inverse matrix of W . In
practice, it is recommended to use at least 500 × n p measures
to identify correctly the needed parameters by LSMI.
C. Guaranteed identification with uncertainty quantification
Our motivation is to adjust in a better way the viscous
friction parameters of the dynamic model to fit the datasets
with certain uncertainties. That is why we make use of the
most effective tools of interval analysis (IA) and set inversion. Our guaranteed identification method is inspired from
the work presented in [7] which is based on the boundederror estimation with uncertain independent variables (a short
review of IA and set inversion techniques is presented in
Appendices A and B).
All available data are gathered as interval vectors (i.e.
boxes or Cartesian product of intervals) taking into account
the sensors’ accuracy, i.e. [q] ∈ [[0, 2π] × [−π, π]]×ny , [q̇] ∈
IRny ×2 , [q̈] ∈ IRny ×2 , [y] ∈ IRny ×2 , where IRn denotes the set
of all boxes of Rn . The numerical values of the corresponding
intervals have been computed easily by adding a bounded
uniform error interval to each collected component data, this
error is assumed to belong to a known box.
As already said, the guaranteed identification approach is
focused on the set-inversion and IA techniques to find the
feasible sets of the viscous friction coefficients that satisfy
the equation (3). As a result, the set of all parameters p ∈ [p]
that are coherent with the ith measurements is,
Pi =

n

p ∈ [p] | ∃q(i) ∈ [q](i), ∃q̇(i) ∈ [q̇](i), ∃q̈(i) ∈ [q̈](i)
o
s.t. f (q(i), q̇(i), q̈(i), p) ∈ [y](i)

(8)

where [q](i), [q̇](i), [q̈](i) and [y](i) correspond to the measurement components expressed as intervals at time-step ti .
Then, the feasible set of accepted parameters P can be
derived as,
P = P1 ∩ P2 . . . ∩ Pny =

ny
\

Pi

(9)

i=1

The constraints (9) can equivalently be written in a matrix
format depending on the measurement data (expressed here
as interval vectors) and model output,

To identify the inertial and geometric parameters, we apply
the LSMI method to the augmented form relying wholly on
measurement data,
Y =W p+ρ
(6)
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where W = [D(1), D(2), . . . , D(ny )]T ∈ R(2×ny )×n p is the
global measured matrix, i.e. observability matrix, ny is the
size of measurements performed on the dynamic system.
Y = [y(1), . . . , y(ny )]T ∈ R(2×ny )×1 is the output signals, and ρ
denotes the error vector between the real system data Y and
the output of the dynamic model Ym = [ym (1), . . . , ym (ny )]T .
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[Y]

with ym (i) = f (q(i), q̇(i), q̈(i), p), ∀i ∈ J1, ny K

b is a set-inversion problem since the
The feasible set P
reciprocal image of the set [Y] must be computed. The SIVIA

algorithm, introduced in [7] and recalled in the Appendix B,
b
is employed to find this desired domain P.
b = f −1 ([Y]) ∩ [p]
P

(11)

IV. EXPERIMENTS
A. Identification results
All the experiments were performed with our nonlinear
inverted pendulum shown in Fig. 1. It is controlled in an
opened-loop to identify its dynamic variables using a Phidget
Motor Control. This control card is connected to our laptop
via a USB cable to control the motor’s velocity, using C
language. To allow high accurate identification, two data
acquisition were recorded, with significant dynamics, at the
sampling period of 16ms. Thus, we have implemented a
bang-bang strategy to send an exciting impulse to the motor’s
controller. In fact, by appropriately switching the sign of the
pivot velocity values, the bang-bang motion is obtained. All
the recorded information during these tested scenarios (q(t),
q̇(t), q̈(t) and τ(t)) are drawn in Fig. 2 (acquisition #1) and
Fig. 3 (acquisition #2).
However, from a practical point of view, data collection
must take into account the measurement inaccuracy. Indeed,
the embedded and low-cost sensors are unfortunately not
always realistic, i.e. they may fail along data collection and
send an erroneous measurements. Therefore, the uncertainty
associated to each input and output data is characterized as
an interval by adding a bounded and known error boxes to
each of them. After several trials and attempts on the real
system, these error boxes were quantified and determined for
each measured component. The resulting prior intervals for
both tested scenarios are depicted in Fig. 2 and 3.
Moreover, the motor and gearbox are of type MDPMaxon, their characteristics are provided by the manufacturer. Here is a recap of their properties: the motor inertia
Jm = 9.06e−7 kg.m2 , its no-load speed w0 = 11700 tr.min−1 ,
the slope speed-torque Rv = 34000 tr.min−1 .N −1 .m−1 , the
motor and gearbox efficiencies ηm = 90.6% and ηg = 90%
and gear ratios Nm = 5.2 and Ng = 5.

Fig. 2.
Uncertainty rectangles associated to the measurements of
acquisition #1: (a) angular positions; (b) Angular velocities; (c) Angular
accelerations; (d) DC motor torque.

TABLE I
I DENTIFICATION RESULTS BY LSMI METHOD .
Symbol
µ1 [kg.m2 ]
µ2 [kg.m2 ]
µ3 [kg.m2 ]
µ4 [kg.m2 ]
µg [kg.m2 .s−2 ]
fv1 [N.m.s]
fv2 [N.m.s]

Values with #1
1.04082e−3
2.56211e−3
8.21e−4
1.31781e−3
7.4175e−2
8.13e−2
6.42e−4

Values with #2
1.06171e−3
2.37309e−3
8.29e−4
1.19171e−3
7.2591e−2
7.02e−2
5.93e−4

CAD Values
1.18152e−3
2.55064e−3
7.59e−4
1.18152e−3
7.3575e−2
−
−

The parameters identified via LSMI are reported in Table
I. Otherwise, some of these physical parameters can be
deduced from the CAD model (Computer-Aided Design SolidWorks) which are also summarized in the same Table
I. As it can be noticed, most of the theoretical values
calculated in both tested cases are very close, which is
a good indication of the model consistency. Furthermore,
the identified inertial and geometric parameters are almost
similar to those provided by the CAD tool with regard to
the mechanical parts of the system. To quantify the error
between the measured and identified parameters (µ1 , µ2 , µ3 ,
µ4 and µg ), we can add some uncertainties to these variables
which are approximated through the identification errors, as
displayed in Table II. From that perspective, the main aim
is to identify the sets of adequate friction parameters [ fv1 ]
and [ fv2 ], which are consistent with these uncertainties and
satisfy the inclusion given in (10).
TABLE II
I NERTIAL AND GEOMETRIC PARAMETERS WITH UNCERTAINTIES .
Symbol
µ1 [kg.m2 ]
µ2 [kg.m2 ]
µ3 [kg.m2 ]
µ4 [kg.m2 ]
µg [kg.m2 .s−2 ]

Mean value
1.09468e−3
2.49528e−3
8.03e−4
1.23035e−3
7.3447e−2

Uncertainty
±12%
±12%
±10%
±12%
±15%

From the initial search domain [p] = [−1.5, 1.5]×2 , the
SIVIA algorithm generates for each studied cases the subpavings depicted in Fig. 4, that enable to bracket the posterior
acceptable set for viscous friction coefficients between the inner and outer approximation. The SIVIA accuracy was taken

Fig. 3.
Uncertainty rectangles associated to the measurements of
acquisition #2: (a) angular positions; (b) Angular velocities; (c) Angular
accelerations; (d) DC motor torque.

as ε = 0.01. The red boxes (earth color) have been proved to
b and the blue ones (ocean color)
belong to the feasible sets P
b
have been considered to create an empty intersection with P.
finally, the undermined sets are materialized by the yellow
boxes (beach color). As far as can be determined from Fig.
4, the centered feasible box, in both cases, is with bounds
[ fv1 ] × [ fv2 ] = [0.043012, 0.13002] × [0.000454, 0.001174].
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Fig. 4. Pavings generated by SIVIA algorithm to show the feasible set P
for the friction parameters. [Left] : scenario #1. [Right] : scenario #2.

B. Identification results validation
To demonstrate the usefulness of our identification, the
cross-validation method is initially applied on an additional
trajectory not used in the identification procedure. From
the parameters obtained by the LSMI and IA methods, the
torques applied at the horizontal arm are computed using (3)
(red and blue lines shown in Fig. 5), and compared to the
measured one (black line Fig. 5). As can be expected, there
are a good similarity and an agreement between these curves.
One way to evaluate this is by computing the root-meansquare error (RMSE) that can be calculated by the equation
(12). The RMSE is around 6.4% with LSMI against 2.6%
with IA method, which indicates a reliable fit and a good
coherence when the variables uncertainties are accounted.
s
RMSE =

1 n
∑ (τi − τbi )2
n i=1

set of possible tight enclosures [x1 ], . . . , [xn ] at a sequence of
time-instants t1 , . . . ,tn with respect to the initial conditions
[x0 ] and [u0 ]. To do so, our library DynIbex is employed
to solve this ODE equation in a guaranteed way, which is
mainly based on IA and Runge-Kutta schemes [17].

Fig. 5. Comparison between measured and estimated torques via IA and
LSMI methods.

Fig. 6 shows the measured pendulum angle q2 (black
lines), as well as the ones calculated with the identified
parameters with LSMI (red lines) and IA (blue lines) approaches. All tests are conducted under the same settings
and conditions (e.g. same initial conditions, same inputs,
etc.). The simulation duration is fixed to 4s and the precision of 10−7 . We can notice that the simulated q2 by
the sophisticated solver DynIbex, using IA and LSMI parameters, are quite similar to the real measured pendulum
angle. Nonetheless, the simulated q2 with IA parameters
comply as closely as possible with the measured one at
different initial conditions. This is due to the fact that all the
system variables are considered as intervals characterizing
uncertainties instead of constant values.

(12)

Furthermore, we can solve the Ordinary Differential Equations (ODE) so as to compute the angular positions using
the estimated parameters. The dynamic model (3) can be
formulated as a nonlinear ODE given by,

 ẋ(t) = g(t, x(t), u(t))
(13)
x(0) ∈ [x0 ] ⊆ IR4

u(0) ∈ [u0 ] ⊆ IR
where x = [x1 , x2 , x3 , x4 ]T = [q1 , q̇1 , q2 , q̇2 ]T is the state vector
and u(t) = τ is the input variable. The function g : R × R4 ×
R → R4 is computed from the inverse dynamic model (1),
i.e. q̈ = M −1 [Γ − [B(q, q̇) + Q(q)]]. The sets [x0 ] and [u0 ],
both expressed as boxes, are the initial conditions to model
uncertainties related to the state and input vectors. Since
the function g is continuous in time and globally Lipschitz
in state and input vectors, the equation (13) has a unique
solution at each time-step.
To further illustrate the quality of our identification, the
sets of the numerical solutions of (13) are calculated, i.e. the

Fig. 6. Comparison between the real and simulated pendulum angular
position (represented as tubes) using DynIbex library at different initial
conditions: (a) x0 = [0, 0, −100◦ , 0]T and u = 0Nm; (b) x0 = [0, 0, 50◦ , 0]T
and u = 0Nm; (c) x0 = [0, 0, −90◦ , 0]T and u = 0.17Nm and (d) x0 =
[0, 0, −45◦ , 0]T and u = −0.1Nm.

In order to assess the potential capabilities of the predicted
model, the associated coverage rates can be computed. We
evaluate the number of cases where the measurements data
are included in the simulated tubes, and then the percentage
of inclusion is calculated for each tested scenarios. In other

words, it is calculated by checking at each time-step whether
the time variable related to the measurement is included in
the simulated time interval ti ∈ [ti ]. If so, we inspect if the
corresponding measurement qi is included in the simulated
tube [qi ] given by DynIbex library. Then, the coverage rate
N
can be approximated to Nqt × 100, where Nt is the number of
times that each sampled time is incorporated in the simulated
time interval, and Nq is the one related to the second
condition regarding qi . The computed values are recapped
in Table III. By the way, this criterion is draconian to test
which explain the small computed percentages. This is due
to the timing lag between the measurement and estimated
model. Even this issue, the coverage ratios obtained using IA
parameters indicates a good match with the measurements
process. It also confirms that the model is estimated with
high precision when the uncertainties are accounted.
TABLE III
D EGREE OF COVERAGE BETWEEN THE MODEL AND PHYSICAL REALITY.
Scenario
With IA parameters
With LSMI parameters

(a)
46%
41%

(b)
61%
34%

(c)
38%
20%

(d)
25%
21%

To sum up, the experimental results provided by the
guaranteed identification of viscous friction parameters are
more relevant than the ones obtained by the classical LSMI.
Indeed, the estimation approach based on IA and set inversion techniques allows us to successfully identify these
coefficients as intervals taking into account all the errors
and uncertainties related to the sensors and the system
modeling. Despite of its proven effectiveness to more closely
approximate the model output to the real output, it still has
some drawbacks. The main ones are related globally to the
computation time, which depends mainly on the number
of parameters and the initial domain. This issue can be
enhanced with a contraction approach [18].
V. CONCLUSION AND FUTURE WORK
This paper describes a guaranteed identification of viscous friction parameters for our new experimental device
(nonlinear inverted pendulum). This method is compared
to the traditional approach least square method identification (LSMI), which is principally used to approximate the
system’s inertial and geometric variables. From a practical
perspective, this guaranteed approach leads to consider all
the system uncertainties coming, mainly, from its design
and modeling, including also the collected data errors. In
order to deal with these uncertainties, we exploit in this
paper the interval analysis tools (IA) and set inversion
technique (SIVIA algorithm) to determine the acceptable set
of viscous friction coefficients. These latter are adjusted in
a feasible way such that the theoretical value of the model
is consistent with the collected measurement data and their
uncertainties. Finally, we show experimental results obtained
by implementing both methods in the real inverted pendulum,
as well as simulation results under DynIbex library, which
is applied to simulate the high-order ordinary differential
equations (ODEs) detailing the behavior of our system, this

constitutes also one of the main contributions of this paper.
The results prove that the capabilities of the guaranteed
identification are much more interesting and promising than
the deterministic LSMI to approximate the mathematical
model to the physical reality.
The next work will focus on the design of a new guaranteed and robust controller to stabilize the pendulum arm
in the upright position. Relying on the dynamic model, a
constrained nonlinear model predictive controller (NMPC)
will be synthesized and applied in a guaranteed way so as
to anticipate future changes in set-points and handle all the
constraints, which are critical and necessary for the safety
and stability of the system. This work will be principally
inspired by our previous works presented in [14][15].
APPENDIX
In this appendix, we remind some mathematical notions
related to IA, used particularly to solve linear and/or nonlinear problems in a guaranteed way. For further details on this
subject, we encourage the readers to refer to [19] and [20].
A. Interval Analysis : the main notations and definitions
•

•

•
•

•

A scalar interval of R is denoted as [x] = [x, x] where
x is the lower bound and x is the upper bound. Any
interval of R is finite, closed and connected subsets.
An interval vector, or a box [x] of Rn is a Cartesian
product of n intervals, i.e. [x] = [x1 ] × . . . × [xn ]. The set
of all boxes of Rn is denoted by IRn .
The width w([x]) of a box [x] is the length of its largest
side.
The interval function [ f ] from IRn to IRm , is an inclusion function of f if ∀[x] ∈ IRn , [ f ]([x]) ⊇ { f (x), x ∈
[x]}.
A subpaving of Rn is a list of non-overlapping boxes
of Rn , enabling to bracket any compact set between a
list of inner and outer subpavings.

B. Set Inversion and SIVIA algorithm
If f : Rn → Rm and Y ⊂ Rm . A set inversion problem is
described by the reciprocal image of a set Y by the function
f that can be written as,
P = {p ∈ Rn | f (p) ∈ Y } = f −1 (Y )

(14)

The set P should be computed in a guaranteed way relying
on the IA tools.
p2

y2
[po ]
P?

[f ]([po ])
Y

[pi ]

[f ]
[f ]([pi ])
[pu ]
p1

Parameters space

[f ]([pu ])

y1

Datasets space

Fig. 7. Illustration of the principal of the set inversion problem - Inclusion
tests: infeasible (blue), undetermined (green), feasible (red).

For this purpose, SIVIA algorithm is a proficient setinversion problem solver via IA. It allows us to get the set

P in an effective and a guaranteed way, through successive
and recursive bisections of the prior interest domain. To
obtain the feasible set P three kinds of union boxes can be
distinguished,
1) the feasible subpavings that belong to the set P and
satisfy this implication test [ f ]([p]) ⊂ Y ⇒ [p] ⊂ P
(denoted [pi ] in Fig. 7).
2) the infeasible subpavings that make the empty intersection with P, i.e. [ f ]([p]) ∩Y = 0/ ⇒ [p] ∩ P = 0/ (denoted
[po ] in Fig. 7).
3) the undetermined subpavings (or penumbra) for which
nothing can be decided, and will be bisected, except if
their width is too small (denoted [pu ] in Fig. 7).
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